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Newtonian fluid flow in the entrance region of a circular tube is 
investigated. 

A mode l  of the en t r ance  r eg ion  of a Newtonian fluid 
flow is shown in Fig .  l .  

In the inlet  sec t ion  of a tube of rad ius  R let  the 
f luid ve loc i ty  be e v e r y w h e r e  constant  and equal to U 0 . 
We a s s u m e  that the ve loc i ty  U in the flow co re  is a 
funct ion of the longi tudinal  coord ina te  z only, and that 
in the boundary l a y e r  the ve loc i t y  p ro f i l e  v a r i e s  ac-  
cord ing  to the law 

whe re  

v = A(z ) [ I - -~ - i -M In ~1, 

We a lso  a s s u m e  that  B e r n o u l l P s  equat ion appl ies  to 
the co re  flow; in this case  in any given sec t ion  the 
p r e s s u r e  in the boundary  l aye r  is equal  to the p r e s -  

su re  in the flow core .  
F r o m  the cont inui ty equat ion (constant flow ra te)  

we have 
I 

U ~  + i" ydS. 

Subst i tut ing the e x p r e s s i o n  in (1) for  v and con-  
s i de r ing  that 

U =v(M,  z) = A ( z ) [ I ~ M  + M lnMl, 

we obtain 

(1) 

(2) 

(la) 

2Uo 
A (z) = - (M -- 1) -T  ' (3) 

Now, applying the c h a n g e - o f - m o m e n t u m  t h e o r e m  
to the m a s s  of l iquid f lowing in unit t ime  between the 
in le t  sec t ion  and the sec t ion  defined by the coord ina te  
z, we have 

AQ = P - - W .  (4) 
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Fig.  1. Veloc i ty  p rof i l e  in en t r ance  reg ion .  

Using Bernoulli's equat ion,  we find that 

U S _  U0 2 n R ~ p. P = n R 2 ( p o - p )  --  2 

With (1) and (3) in mind,  we obtain 

(5) 

Ov dz = 8nbt Uo W = 4 ~  p ~ ~=x I - - M  
0 0 

(6) 

F ina l ly ,  we d e t e r m i n e  the change of m o m e n t u m  
f r o m  the equat ion 

l 

M 

Subst i tut ing v f r o m  (1) and U f r o m  ( la) ,  a f te r  in te -  
g ra t ion  we obtain 

AQ= 

l < [( z~R2p �9 ( M _ I ) 4 -  - - ~ -  + ~ - M - -  • 

• (M--1) -b M21nM] - -  U~ } . (8) 

Subst i tut ing (8), (6), and (5) into (4), a f te r  s imple  
t r a n s f o r m a t i o n s  we obtain the fol lowing equat ion:  

I + 4 M - - I 1 M  ~ + 
3 (M - -  1) a 

+ 
2 (M s ~- M 2 -  M )  l n M - - M  2 MUM 

( M -  I) 4 

I 16 

4 dRe 

z 

S ( l - -M)  
0 

(9)  

Dif fe ren t i a t ing  Eq. (9) with r e s p e c t  to z and then 
mul t ip ly ing  by - ( 1  - M), we obtain 

- -13+  20M -b 17 M 2 

3 (M - -  1) 3 + 

+ (2-}-4M--12M~--2M) I n M + 2 M ( M 4 - 1 ) I n ~ M } •  
(M-- 1) 4 

16 dz x dM -- 
dRe 

In tegra t ion  of Eq. (10) g ives  

4z 19--27/14 

dRe 3 ( l - - M )  2 

(10) 
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T a b l e  

P r e s s u r e  C h a n g e  and  F r i c t i o n  F a c t o r  a l o n g  L e n g t h  of E n t r a n c e  R e g i o n  

z 
d~e 

0.0005 
0.0010 
0.0015 
0.0020 
0.0025 
0.0035 
0.0045 
0'0055 

P o m p  

oU20/2 

0.32 
0 46 
O- 56 
O. 65 
O. 72 
0.87 
1.0I 
1.12 

644 
446 
373 
326 
293 
248 
222 
200 

z 
~ e  

0-0055 
0.0075 
0.0100 
0.0150 
0.0200 
0.0250 
0.0295 

Po - -P  

0U2/2 

1,23 
1 34 
i:57 
2.02 
2.40 
2.73 
3.00 

186 
177 
157 
134 
118 
108 
100 

x M2(3+ M) ln~M -~ 17M3--7M~--2M l n M - -  

3(I - -M) 3 3(M-- l )  3 

4 l n M l n ( l - - M ) - - 4  ~ ]  1 M ~ + C  ' - y  y k-~ (11 )  

w h e r e  C i s  an  a r b i t r a r y  c o n s t a n t .  
S i n c e  w h e n  z = 0, 6 = 0, and  M = 1, s u b s t i t u t i n g  

t h e s e  v a l u e s  of M and  z in to  (11),  we d e t e r m i n e  t he  

v a l u e  of C. 

E v a l u a t i n g  a n  i n d e t e r m i n a t e  f o r m  of t he  t ype  0 / 0  

in a c c o r d a n c e  w i t h  L ' H 3 p i t a l ' s  r u l e  and  n o t i n g  t h a t  
1 n 2 

-- , we fend t h a t  
k 2 6 

C ~ - -  5.862. (12) 

S u b s t i t u t i n g  C f r o m  (12) i n to  (11) and  s e t t i n g  M = 

= 0 (5 = R) ,  we f ind  t h e  l e n g t h  of  t he  e n t r a n c e  r e g i o n :  

l 
-dl~e m 0.0295. (13) 

S u b s t i t u t i n g  t h e  v a l u e s  of M,  C, and  U f r o m  (11),  

(12),  and  ( l a )  i n to  Eq.  (5), we f ind  t he  r e l a t i o n  b e t w e e n  

the  p r e s s u r e  and  t h e  l o n g i t u d i n a l  c o o r d i n a t e  z. 

T h e  c h a n g e  of p r e s s u r e  in  t h e  e n t r a n c e  r e g i o n  i s  
c o n v e n i e n t l y  e x p r e s s e d  in t e r m s  of t he  m e a n  f r i c t i o n  

f a c t o r  ~ d e t e r m i n e d  f r o m  

Z Po --___fl_P = ~ - - .  (1 4) 
~v~/2 d 

S u b s t i t u t i n g  (P0 - P) f r o m  (5), a f t e r  s i m p l e  t r a n s -  
f o r m a t i o n s  we o b t a i n  

W h e n  z _> l Eq .  (14) m a y  c o n v e n i e n t l y  be  w r i t t e n  in  
t h e  f o r m  

Po - -  P l z - -  I (16) 
p U~/2 - ~o ~ + ~ ~ - -  , 

w h e r e  ~ = 6 4 / R e  i s  t he  f r i c t i o n  f a c t o r ,  c o n s t a n t  a l o n g  

t he  l e n g t h  a t  z > l ,  and  ~0 i s  t h e  f r i c t i o n  f a c t o r  at  
z = l .  

S i n c e  ~0Re = c o n s t  a n d / / d R e  = c o n s t ,  we h a v e  

z ) 
o uo/2 -d- + k , (17) 

O 
a" 

t2~ b 

, O C 

J ~  

__ ~ o ~ _  . - ~ .  _-_ . . . . . .  

- - - ' ~ ' - =  _ - - =  o - -  2 = . " - - -  . . . . . .  

7 

oL 
000750  001500 0.02250 z / d R e  

F i g .  2. V e l o c i t y  a s  a f u n c t i o n  of t he  l o n g i t u d i n a l  and  r a d i a l  c o o r d i n a t e s  ( a "  
e x p e r i m e n t ;  b - -  a c c o r d i n g  to S c h i l l e r ' s  c a l c u l a t i o n s ;  c - - f r o m  Eq.  (1)) : 1) r / R  = 

=0;  2) 0.2; 3) 0.4; 4) 0.6; 5) 0.7; 6) 0.8; 7) 0 .9 .  
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where k is a constant.  Setting z = l ,  we find that k = 
= 1.112, which coincides with the recommendat ions  of 
[4]. 

According to the data of var ious  authors,  k l ies  in 
the range f rom 1.040 to 1.159. 

The re su l t s  of our calculat ion of the p r e s s u r e  change 
and the f r ic t ion  factor  in the entrance region of the 
tube are  given in the table.  

The law of var ia t ion  of the veloci ty along the tube 
axis de termined f rom (1) and (11) is shown in Fig. 2 
for  various values of ( r /R) .  A compar ison  with the 
exper imenta l  curves  obtained by Nikuradse [1] shows 
that the proposed method gives good agreement  with 
exper iment  at values of z /d  -< 0.0175Re for the flow 
region near  the tube axis.  

A compar ison  of this solution with Schi l ler ts  solu-  
tion [2] shows that,  apar t  f rom the much g r ea t e r  s im-  
pl ic i ty  of the calcula t ions ,  it is in be t te r  agreement  
with the exper imenta l  curves .  

The length of the entrance region calculated f rom 
(13) is g r ea t e r  than the value obtained by Schi l ler  
(0.0287 dRe) and less  than the values obtained by Targ 
[3] {0.04 dRe), Campbell  and Sla t tery  [5] (0.0575 dRe), 
and Boussinesq [6] (0.065tiRe). 

A compar ison  of the solution obtained with the solu-  
tions of the above-mentioned authors shows that the 
f r ic t ion fac tor  in the entrance region is well desc r ibed  
by Eqs. (15) and (17) over  i ts ent i re  length, whereas  
Sch i l l e r ' s  fo rmula  gives good agreement  with exper i -  
ment only at z /dRe < 0.0075 and Boussinesq formula  
only at z /dRe > 0.0075 [6]. 

The p r e s s u r e  change in the entrance region (table) 
is in good agreement  with [4]. 

NOTATION 
r and z are  cy l indr ica l  coordinates;  p is the fluid 

density; v is the kinematic  viscosi ty;  t~ is the dynamic 
viscosi ty;  5 is the thickness of the boundary layer ;  
d is the tube d iameter ;  Re is the Reynolds number; 
P and W are  P re s su re  and f r ic t ion forces  acting on 
isola ted volume; AQ is the change of momentum; P0 
and p denote p r e s s u r e  in inlet sect ion and in inves-  
t igated sect ion of tube, respec t ive ly .  
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